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In this paper we consider only finite connected graphs having no loops or multiple 
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Abstract 
TorgaSev (1986) described all finite connected graphs whose energy (i.e. the sum of all positive 
eigenvalues including also their multiplicities), does not exceed 3. In this paper, we introduce 
definitions of some other kinds of energies and we prove some properties of them. 
edges. The vertex set of a graph G is denoted by V(G), and its order (number of 
vertices) by 1 G 1. The spectrum of such a graph is the set 2 1 > A2 2 ... 2 A., of eigenvalues 
of its O-l adjacency matrix. The eigenvalue 11(G) = r(G) is called the spectral radius of 
G, while the eigenvalue n,,(G) is called the least eigenvalue of G. Relation Hs G will 
mean that H is a connected induced subgraph of a graph G. 
The sum of eigenvalues (/1,(+(12,(+~~~+(~,_,( is denoted by R,(G) and has been 
investigated in [4]. All connected graphs with the property RI(G)< 5 have been 
determined in [4]. 
Next, let No be the set of all nonnegative integers and keN,, be a fixed number. For 
anygraphGwithIGI=n>kthesumofeigenvaluesl;1,I+l11,1+...+I1,_,Iisdenoted 
by S:(G) and is called k-positive reduced energy of G. It contains at least the largest 
eigenvalue 1i (G) of G. We note that ) 1 1 I 2 1, hence S!+ (G) 2 1 for any graph G. For any 
real a > 1 and Kane, we can consider the class of graphs 
E:(a)={GJS:(G)<a}. 
Now, we prove an important property of the general class E:(a). 
Theorem 1. For every constant a 2 1 and for any jixed kE NO, the class of graphs Ek, (a) 
is Jinite. 
Proof. Let a be any real number (a> 1) and k a natural number or zero. Let G be 
a graph of order n z=- k from the class Et (a). Then we have 
(~,1+(1,(+...+(1,-,l~u. (I) 
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Besides, we immediately obtain 
2(n-l)<2m= f: 11i12< i lJ.il , 
( > 
2 
(2) 
i=l i=l 
where m is the number of edges of the graph G. Relations (1) and (2) now give 
a-k 
JFG c IAil+ i IAil~a+i=n$k+I IAIl 
i=l i=n-k+l 
<a+kl1,(<(k+l)a. (3) 
By relations (1) and (3) we have that n< 1 +(k+ 1)2a2/2, which completes the 
proof. 0 
Taking in this theorem in particular k = 1, we get Theorem 1 from [4]. We also note 
that our Theorem 1 is a generalization of the Theorem 1 in [lo]. Indeed, for every 
a> 1 denote by E+(a) the set of all graphs whose reduced energy (i.e. the sum of all 
positive eigenvalues) does not exceed a. Then we have the following. 
Proposition 1. For every constant a 2 1 the set E+(a) is jnite. 
Proof. Taking k = 0 in Theorem 1 we have that class E “, (2~) is finite. Next, since 
i 11ilc2 ,T, IAil, 
i=l i 
we immediately have that E + (a) = E? (2~). 0 
The sum of eigenvalues I A2 I + I A3 I + ... + ) A,, I is denoted by Sl (G) and has been 
investigated in [S]. All connected graphs with the property Sl(G)<6 have been 
determined in [S]. 
Next, let keN,, be a fixed nonnegative integer. For any graph G with 1 G I= n > k, the 
sum of eigenvalues l&+l(+l&+21+ ... + I AnI is denoted by Sk_(G) and is called 
k-negative reduced energy of G. It contains at least the minimal eigenvalue J.,(G) of G. 
We note that IA,/ > 1, hence Sk_ (G) > 1 for any graph G. For any real a 3 1 and any 
kENO, we can consider the class of graphs 
Ek(a)={GISk_(G)<a}. 
Now, we have the following property of the general class E!(a). 
Theorem 2. For every constant a> 1 and a fixed keN,, the class Ek_ (a) is finite. 
Proof. Let G be an arbitrary graph of order n from the class Ek_ (a) (n > k). Then we 
have 
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Next, denote I = {i< k + 1 I li CO}. From relation (4) and relation 
i=k+l Ai<0 isI 
we have 
JolAil <a+ C IAil Ga+ C l1nl 
ieZ iol 
<u+klI”l<(k+l)a. (5) 
Since clico I1iJ=Cli,o l&l and the set E+((k+ 1)~) is finite, we immediately get 
the statement. q 
Taking, in particular k= 1, we get Theorem 1 from [S]. 
The sum of eigenvalues 11 2 I + ) 1 3 ( + -.. + ) 1, _ 1 I is denoted by Tl (G) and has been 
investigated in [6]. All connected graphs with the property T1(G)<2.5 has been 
determined in [6]. 
Next, let k, 1eN, be any fixed numbers. For any graph G with 1 G I= n > k + Z, the sum 
of eigenvalues llk+ll+l&+zl+ ...+(l,_l) is denoted by S:(G) and is called (k,l)- 
reduced energy of G. For any real a >O and any k, CENT, we can consider the class of 
graphs 
E;(u)={GIS:(G)<u}. 
We note that the (0, k)-reduced energy of G and the (k, O)-reduced energy of G are the 
k-positive reduced energy of G and the k-negative reduced energy of G, respectively. 
Consequently, we can always assume that k, 1 are positive integers. 
Since the complete bipartite graph K,,, belongs to the class E:(u) for any m, neN, 
the class E:(u) is always infinite. In the sequel, we will prove an important property of 
this kind of energy on the set of the so-called canonical graphs. 
We say that two vertices x,y~ I’(G) are equivalent in G and write x-y if x is 
nonadjacent o y, and x and y have exactly the same neighbors in G. Relation N is 
obviously an equivalence relation on the vertex set V(G). The corresponding quotient 
graph is denoted by g, and called the canonical graph of G. The last graph is also 
connected, and we obviously have g s G. For instance, if G = K,,, ntz,... ,mp (p 3 2) is the 
complete p-partite graph, then its canonical graph is the complete graph K,. The 
canonical graph of the complete graph K, is the same graph K,. 
We say that G is canonical if ) GI = (91, thus if G has no two equivalent vertices. 
Let g be the canonical graph of G, lg I = k, and N1, . . . , Nk be the corresponding sets 
of equivalent vertices in G. Then we denote G=g(N,, . . . , Nk), or simply 
G=g(n,, . . . ,nk), where INil=?ii(i=l , . . . , k), understanding that g is a labelled graph. 
We call N 1, . . . , Nk the characteristic sets of G. Obviously, each set NiZ V(G) 
(i= 1, . . . , k) consists only of pairwise non-adjacent vertices, and if at least one edge 
between the sets Ni, Nj (i#j) is present, then all possible edges between these sets are 
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also present. Therefore, it is very convenient to display the sets Ni (i= 1, . . . , k) by 
white (i.e. empty) circles, and all possible edges between the sets Ni and Nj by only one 
edge between the corresponding circles. If, for instance, G is the complete bipartite 
graph with characteristic subsets N1, N2 we can simply use the notation 
G=O ---0, 
nr n2 
if INiJ=ni (i=1,2). 
Consequently, for any real a >O and k, HEN, we can consider the class of the 
corresponding canonical graphs 
g&z)= {G ( GEE:(~) is a canonical graph}. 
If k= 1, then S,“(a), E:(a), E”,R(u) are simply denoted by S,(u), E,(u) and E”,(u), 
respectively. 
Now, we prove an important property of the class &(a) (u>O, keN). It is based on 
two theorems proved in [9]. 
Theorem A ([S]). For every$xed positive integer PEN, the set of all canonical graphs 
having p nonzero eigenvulues is finite. 
Theorem B ([9]). For every canonical graph G with p nonzero eigenvulues, there is at 
least one canonical graph H s G of order p, having also p nonzero eigenvulues. 
Theorem 3. For every constant a>0 and any positive integer kEN, the class &(a) is 
finite. 
Proof. Assume, on the contrary, that the set E”,(u) is infinite for some a>0 and keN. 
We can obviously assume that a is a positive integer. Then, by Theorem A, for any real 
number M >O, there exists a graph GEE,(U), which has p> M nonzero eigenvalues. 
This graph will satisfy the relation 
The multiplicity of zero of this graph is then q = n-p. Assume that 
~s>lzs+l=...=Izs+~=o>~s+q+l. The corresponding characteristic polynomial of 
G is then 
where Iu,I=~~.;~~.....~~.I;~~+~+~(.....~~~J. 
Having in mind Theorem B, without loss of generality, we will assume that q = 0, 
thus n = p. Besides, we can assume that n is chosen so large that we have & 2 a + 6k. 
We obviously have 
lLil<n-l for iE{1,2 ,..., k}u{n-k+l,n-k+2 ,..., n}, 
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and by (6) 
I/lil<JI; for i=k+ l,k+2, . . . ,a-k. 
Let E= l/&, and let r be the total number of eigenvalues lip with l&l <E 
(i=k+l,k+2,..., n-k). It is easy to see that r > a + 4k. Indeed, in the contrary case, 
we would have that there exist at least n - (2k + r) eigenvalues 2i (k + 1~ i < n - k) with 
1 Izi I > E. Relation (6) now gives 
n-k 
a> 
c IAil> 
n-(2k+r) a+6k 
J;I >&- ~;r ’ (7) 
i=k+l 
Since &>a++k, relation (7) yields a>&- 1, what is a contradiction. 
Next, let r. be the total number of all eigenvalues li (i = k + 1, k + 2, . . . , n-k) with 
12ij> 1. Relation (6) now yields 
n-k 
aa C [Ail> 2 l=ro, 
i=k+l i=l 
whence we get r. <a. 
Now we finally have 
<(n_1)2k&.& . . . . . &. L.L.....L .l.l- . . . . 1<1, 
JI;& 4 
-III 
r0 r n-(r+ro+2k) 
what is a contradiction since I a,,) EN (a,, # 0). Thus the set &(a) is finite for every a > 0 
and every kEN. 0 
Putting k= 1 in Theorem 3, we get Theorem 1 from [6]. 
As an immediate consequence of Theorem 3 we have the following result. 
Corollary 1. For every constant a > 0 and any positive integers k, 1~ N, the class E”:(a) is 
jnite. 
Proof. Without loss of generality, we can assume that k > 1. Let g be any graph from 
the class E:(a). Since 
n-k II-1 
we have geJ!?k(a), thus &(a) GE”,(a). Since the class Ek(a) is finite for every a>0 and 
every keN, we get the statement. Cl 
282 M. L.epoviC 
References 
[l] D. Cvetkovic, M. Doob and H. Sachs, Spectra of Graphs - Theory and Application (Deutscher 
Verlag der Wissenschaften, Berlin and Academic Press, New York, 1982). 
[2] D. Cvetkovic, M. Doob, I. Gutman and A. TorgaSev, Recent Results in the Theory of Graph Spectra 
(North-Holland, Amsterdam, 1988). 
[3] M. Lepovic, On graphs whose energy does not exceed 4, Publ. Inst. Math. (Belgrade) 49 (63) (1990). 
[4] M. Lepovic, Some results about the reduced energy of graphs, I, Univ. of Novi Sad, Review of 
Research Fat. Sci. (Ser. Math.), to appear. 
[S] M. Lepovic, Some results about the reduced energy of graphs, II, Bull. Serb. Acad. Sci. et Arts (Ser. 
Math.), to appear. 
[6] M. Lepovib, Some results about the reduced energy of graphs, III, Publ. Elec. Fat. Univ. Belgrade, 
Ser. Math., to appear. 
[7] M.M. Petrovic, On graphs whose spectral spread does not exceed 4, Publ. Inst. Math. (Belgrade) 34 
(48) (1983) 169-174. 
[S] M.M. Petrovic, Graphs with bounded reduced positive energy, In: Proc. Fourth Yugoslav Sem. Appl. 
Math., Split, May 28-30 (1984) 147-153. 
[9] A. TorgaSev, On infinite graphs with three and four non-zero eigenvalues, Bull. Serb. Acad. Sci. et Arts 
LXIV (Sci. Math.) 11 (1981) 39-48. 
[lo] A. TorgaSev, Graphs whose energy does not exceed 3, Czech. Math. J. 36 (111) (1986) 167-171. 
[11] A. TorgaSev, A property of canonical graphs, Publ. Inst. Math. (Belgrade), to appear. 
